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Abstract
Let X be a finite simply-connected CW-complex of dimension nX. If X is a two-cone (that is: X
is the homotopy cofiber of a map between suspensions) such that pi∗(X)⊗Q is infinite-dimensional,
then there exist A,B > 0 and α > 1 such that for any positive integer k we have
A
k
αk 6
k+nX∑
j=k+2
rank
(
pij (X)
)
6 B
k
αk.
This formula is proved by establishing some analytic property of the Poincaré series ΩX(z) =∑∞
n=0 dimHn(ΩX;Q) · zn. These inequalities hold also for some other classes of spaces. Ó 2000
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1. Introduction
Let X be a finite simply-connected CW-complex. The dichotomy theorem in rational
homotopy theory [10, 11] asserts that
• either ∑∞n=1 rkpin(ΩX) <∞, and X is said to be elliptic,
• or ∑Nn=1 rkpin(ΩX) increases exponentially with N , and in this case X is called
hyperbolic.
When X is hyperbolic the precise behavior of the sequence (rkpik(ΩX))k>1 is still an
open problem apart from the above global exponential growth. A result in this direction is
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the “no torsion gap” theorem of Halperin [14]: if X is hyperbolic of dimension nX then for
each k > 0 we have
k+nX−1∑
j=k+1
rkpij (ΩX)> 1.
In a previous paper [18] we have investigated this problem by studying the analytic
properties of the Poincaré series
ΩX(z) :=
∞∑
n=0
dimHn(ΩX;Q) · zn.
We have defined a condition on X in terms of this series: the Analytic Hypothesis (AH),
which we recall in Section 2 (Definition 1). Roughly speaking this condition (AH) means
that ΩX admits a meromorphic extension on some open set containing the closure of
the disk of convergence of that series. Using this hypothesis we proved the following
estimation of the ranks of homotopy groups:
Theorem A [18]. Let X be a finite simply-connected CW-complex of dimension nX . If the
condition (AH) holds for the space X then there exist positive numbers A and B such that
for every positive integer k we have
A
k
(ωX)
−k 6
k+nX−1∑
j=k+1
rkpij (ΩX)6
B
k
(ωX)
−k, (‡)
where 0<ωX < 1 is the radius of convergence of the series ΩX(z).
Theorem A gives a precise description of the exponential growth of the ranks of the
homotopy groups. The problem is now: how to check that condition (AH) holds for a
space X? In the present paper we give a condition (which we call the Poincaré–Koszul
criterion, Proposition 4) that implies the Analytic Hypothesis.
In fact, the (AH) condition can be seen as a weakening of the hypothesis that ΩX is
a rational series (i.e., the expansion around zero of the Taylor series of a quotient of
polynomials). Anick has proved that for many finite CW-complexes X, their Poincaré
series ΩX is irrational and have non-meromorphic singularities [1, 3]. Moreover, all
Anick’s examples are hyperbolic 2-cones, that is homotopy cofiber of maps between
suspensions. In contrast with Anick’s counterexamples we prove here, using Poincaré–
Koszul criterion, the following:
Theorem B. Let X be a finite simply-connected CW-complex having the rational
homotopy type of a 2-cone. If X is hyperbolic then the condition (AH) holds and the ranks
of the homotopy groups of X satisfy the inequalities (‡).
Remark that the class of finite 2-cones is a very rich class of spaces from the point-of-
view of the Poincaré series of the loop space. Indeed Anick and Gulliksen have proved that
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if Y is a finite simply-connected CW-complex then there exists a finite 2-cone X such that
ΩY(z) and ΩX(z) are rationally related (see [5] for a precise statement).
Poincaré–Koszul criterion enables us to prove also that the (AH) condition holds for
some other classes of spaces. For example, for hyperbolic coformal spaces (Corollary 6)
and for spaces with “a strong inert element” (see Section 4 for a precise statement) like
many connected sums of manifolds.
This paper is organized as follows. In Section 2, we recall the (AH) condition, then we
introduce the Poincaré–Koszul series of a space, and finally we establish the Poincaré–
Koszul criterion. Section 3 is devoted to the proof of Theorem B; at the end of this section
we analyze an example of a 2-cone with a non meromorphic loop series. In Section 4 we
consider another class of spaces for which the condition (AH) holds: they are spaces with
strong inert element (Proposition 11). We end this paper by a few questions.
2. Poincaré–Koszul criterion
Henceforth by a space X we mean a topological space having the homotopy type of a
CW-complex and such that Hn(X;Q) is finite-dimensional for every n> 0. The Poincaré
series of the loop space on a simply-connected space X is denoted by
ΩX(z) :=
∞∑
n=0
dimHn(ΩX;Q) · zn,
and its radius of convergence by ωX .
Definition 1 [18]. We say that a simply-connected space X satisfies the Analytic
Hypothesis (AH) iff 0 < ωX < 1 and there exists a polynomial Q ∈ C[z] such that
Q(z)ΩX(z) is the expansion at the origin of an analytic function with no zero in a disk
{z ∈ C: |z|< r} for some r > ωX .
If X is a simply-connected finite CW-complex the inequality 0< ωX < 1 is equivalent
to the fact that X is hyperbolic (that is dimpi∗(ΩX) ⊗ Q = +∞; for a proof see [13]).
The second part of the condition (AH) is equivalent to the fact that the only singularities
of ΩX(z) on the circle of convergence are poles, and that this series has no zero in the
closed disk of convergence {|z|6 ωX}. For example, if ΩX(z) is a rational series then all
the singularities ofΩX(z) are poles, but Anick has proved that the Poincaré seriesΩX need
not to be a rational series [1].
We define the Poincaré–Koszul series of a space. When X is a simply-connected space,
H∗(ΩX;Q) is an algebra and Q is a trivial module over this unital algebra. We can
consider the graded vector space (TorH∗(ΩX;Q)p (Q,Q))p>0 defined using a resolution of Q
by free H∗(ΩX;Q)-modules [8]. Moreover, since H∗(ΩX;Q) is a graded algebra, there
is a second gradation (TorH∗(ΩX;Q)p,q (Q,Q))p>0,q>0 where p+ q is the topological degree,
that is the degree in H∗(ΩX;Q).
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Definition 2. The Poincaré–Koszul series of a simply-connected space X is defined by
ΨX(z) :=
∞∑
q=0
{ ∞∑
p=0
(−1)p dim TorH∗(ΩX;Q)p,q (Q,Q)
}
· zq,
and the radius of convergence of this series is denoted by ψX ∈ [0,+∞].
Remark that the coefficient of zq inΨX is the Euler characteristic χ(TorH∗(ΩX;Q)∗,q (Q,Q))
which is well defined because TorH∗(ΩX;Q)p,q (Q,Q) = 0 for p > q when X is simply-
connected.
There is an alternative approach to TorH∗(ΩX;Q)∗,∗ (Q,Q) using Sullivan models. The
references [24, 15] are standard for Sullivan models, and a good summary is given in
[10]. We simply recall here some notations. If V is a graded vector space over Q, we
denote by
∧
V the free commutative graded algebra generated by V . To each space
X is associated a differential commutative graded algebra APL(X), where APL is the
functor of PL-forms. A minimal model for a 1-connected space X is a quasi-isomorphism
ρ : (
∧
V,d)
'→APL(X) such that d(V )⊂∧>2 V . We have isomorphisms
H
(∧
V,d
)∼=H ∗(X;Q) and V n ∼= hom (pin(X),Q).
Moreover if V is the graded vector space such that (V )n ∼= V n+1 then (∧V ,0) is a
minimal Sullivan model of ΩX.
Suppose that (
∧
V,d) is a minimal model of the space X, then d = d1 + d2 + · · · with
dp(V )⊂∧p+1 V , and d1 is called the quadratic part of the differential. We can define a
bigraduation on
∧
V by (
∧
V )p,q := (∧p V )p+q and the bidegree of d1 is (1,0). Then
there is an isomorphism [6]
Hp,q
(∧
V,d1
)∼= Extp,qH∗(ΩX;Q)(Q,Q).
On the other hand, if we use the notation V ∨ := hom(V ,Q), we have the isomorphisms of
vector spaces
Extp,qH∗(ΩX;Q)(Q,Q)
∼= (TorH∗(ΩX;Q)p,q (Q,Q∨))∨ ∼= TorH∗(ΩX;Q)p,q (Q,Q).
In conclusion, we have isomorphisms
Hp,q
(∧
V,d1
)∼= TorH∗(ΩX;Q)p,q (Q,Q).
The geometric realization of (
∧
V,d1) is a rational space X˜ which is called the coformal
space associated to X. The cohomology of X˜ is bigraded (using the cuplength graduation)
and Hp,q(X˜,Q)∼=Hp,q(∧V,d1). When X is a coformal space [22] then X and X˜ have
the same rational homotopy type.
The following result is classical [20, Appendix 2.4]
Proposition 3. ΩX(z)= 1/ΨX(z).
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Proof. Using the interpretation in terms of Sullivan models we have
ΨX(z)=
∞∑
q=0
χ
(
H ∗,q
(∧
V,d1
))
· zq =
∞∑
q=0
χ
((∧
V
)∗,q) · zq.
If V is one-dimensional a computation gives
ΩX(z)=
∞∑
n=0
dim
(∧
V
)n · zn = (ΨX(z))−1.
To get the general formula apply the hypothesis that V is of finite type to make an induction
on the generators of V , and use the fact that ΨX and ΩX are multiplicative. 2
Here is the main result of this section.
Proposition 4 (Poincaré–Koszul criterion). If 0 < ωX < 1 and if ωX < ψX then the
condition (AH) holds.
Proof. Choose r ∈]ωX,ψX[. Then ΨX is holomorphic in the disk Dr := {z ∈ C: |z|6 r}.
Thus the zeros of ΨX in Dr are isolated and of finite multiplicity, and therefore ΩX(z)=
1/ΨX(z) is meromorphic with no zero in Dr . 2
Remark 5. For every simply-connected hyperbolic finite CW-complex we have 0<ωX <
1 [13], and for most spaces X we have ωX 6ψX . More precisely Babenko [7] has proved
that if X is not of the rational homotopy type of a finite product of Eilenberg–MacLane
spaces K(Z,2ni) then ΩX(z) has no zero inside the disk {z ∈ C: |z| < ωX}. Using
Proposition 3 we get that ωX 6ψX , unless X '∏ni=1K(Z,2ni) in which case ωX =+∞
and ψX = 1. In particular, ωX 6ψX if X has finite Lusternik–Schnirelmann category.
Corollary 6. Let X be a finite simply-connected CW-complex. If X is coformal then the
condition (AH) holds if and only if X is hyperbolic.
Proof. Recall that a space X is coformal if and only if it admits a minimal Sullivan
model (
∧
V,d) with a quadratic differential d = d1. In this case TorH∗(ΩX;Q)p,q (Q,Q) ∼=
Hp,q(X,Q), and since X is finite ΨX is a polynomial and ψX =+∞. On the other hand
X is hyperbolic if and only if 0<ωX < 1 [13]. 2
3. Two-cones
This section is devoted to the proof of Theorem B.
Suppose that X satisfies the hypothesis of Theorem B. Then there exists a simply-
connected finite CW-complex Z that is a 2-cone and that has the same rational homotopy
type than X. We will prove that the (AH) condition holds for Z. The idea of the proof is to
associate a certain space Ẑ to the 2-cone Z, and, using the series associated to Ẑ, to prove
a chain of inequalities which give ωZ <ψZ .
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We can suppose that Z is not coformal, because otherwise Theorem B is a consequence
of Corollary 6. There exists a homotopy cofibration
ΣY
f→ΣX j→Z,
and without loss of generality we may suppose that j induces an isomorphism in spherical
rational homology. Recall Quillen’s theory [23], which establishes a correspondence
between rational simply-connected spaces X and differential graded Lie algebras (dgl),
and similarly for maps. The map f admits a Quillen minimal model [25] of the form
φ :L(W)→ L(V ), where V = H˜∗(X;Q), W = H˜∗(Y ;Q), L(U) is the graded free Lie
algebra generated by a graded vector space U , and φ(W)⊂L>2(V ). The space Z admits
a minimal Quillen model of the form (L(V ⊕ sW), ∂) where (sW)n ∼=Wn−1, ∂(V ) = 0
and ∂(sw)= φ(w) for w ∈W . We denote by I the ideal generated by ∂(sW) in L(V ).
Consider the following diagram of graded differential Lie algebras:
(I,0) (kerpi ′, ∂|kerpi ′)
(L(W),0)
φ¯
φ
(L(V ),0)
pi
(L(V ⊕ sW), ∂)
pi ′
(L(V )/I,0)
where pi is the canonical projection and pi ′ is the extension of pi by pi ′(sW)= 0. Since pi
and pi ′ are surjective, the geometric realization of this diagram is
F F ′
ΣY
f
f¯
ΣX
j
p
Z
p′
Ẑ
where F and F ′ are the homotopy fibers of p and p′.
In order to prove that Z satisfies the Poincaré–Koszul criterion we will establish the
following inequalities in the next three lemmas:
ψZ >ψẐ > ωẐ = ρF ′ >ωF ′ = ωZ,
where ρF ′ is the radius of convergence of the Poincaré series PF ′(z) :=H∗(F ′,Q)[z] (here
we use the standard notation U∗[z] :=∑∞n=0 dimUn · zn for the Hilbert series of a graded
vector space U∗ =⊕∞n=0Un).
Lemma 7. ψZ =ψẐ or ψZ >ψẐ = 1.
Proof. The following formula is implicit in the work of Lemaire [20]:
ΨZ(z)= (1+ z)ΨẐ(z)− z
(
1− V∗[z] +W∗[z]
)
. (¶)
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For the sake of completeness, we recall the idea of the proof. Set A = H∗(ΩẐ;Q) and
B =H∗(ΩZ;Q). For p > 1 there is an isomorphism (Theorem 2.3.8 in [20])
TorBp,q(Q,Q)∼= TorAp,q(Q,Q)⊕ TorAp+2,q−1(Q,Q).
Using this and the equalities
TorB0,∗(Q,Q) = TorA0,∗(Q,Q)=Q,
TorA1,∗(Q,Q) = V and TorA2,∗(Q,Q)=W,
it is easy to compute formula (¶).
Since V andW are finite-dimensional, formula (¶) shows that the radius of convergence
of ΨZ(z) is equal to the radius of convergence of (1+ z)ΨẐ(z). Thus if −1 is the smallest
singularity of ΨẐ then ψZ >ψẐ = 1, and otherwise we have ψZ =ψẐ . 2
By Remark 5 we have that either ψẐ > ωẐ , or ψẐ = 1 and ωẐ =+∞; but in the latter
case ψZ > 1 and Poincaré–Koszul criterion holds trivially for the hyperbolic 2-cone Z. So
we can suppose that ψẐ > ωẐ .
Lemma 8. ρF ′ = ωẐ .
Proof. By Theorem 1 of [12], we have a long exact sequence:
→Hn+1(F ′;Q)→
(
H∗(ΩẐ)⊗ H˜∗(ΣY ;Q)
)
n
T∗→Hn(F ;Q)→Hn(F ′;Q)→,
where
T = ν ◦ (idΩẐ × f¯ ) and ν :ΩẐ× F → F
is the holonomy action of the fibration p. The suspension ΣY is rationally a finite wedge
of spheres
∨
j S
tj+1
. We denote by fj the restriction of the map f to the sphere Stj+1.
The ideal I is generated by the homotopy classes [fj ] ∈ pi∗(ΩΣX)⊗Q∼= L(V ), and by
interpreting the action of holonomy in the Quillen model, we get that T∗ is onto. Thus
H∗+1(F ′;Q)= kerT∗.
The fiber F ′ is not contractible, otherwise Z would be coformal because it would have
the rational homotopy type of Ẑ, and we have supposed at the beginning of this proof that
Z was not coformal. Thus kerT∗ 6= 0. Take a non-zero homogeneous element ξ in kerT∗.
Put N = deg(ξ) and consider the N th Postnikov section Ẑ pN→ ẐN with pi>N(ẐN) = 0
and pi6N(ẐN) ∼= pi6N(Ẑ). The homotopy fiber Ẑ〈N〉 of pN is N -connected, and the
long exact sequence of homotopy of the fibration pN splits. Thus H∗(ΩẐ;Q) is a free
H∗(ΩẐ〈N〉;Q)-left module by the results of [21]. As a consequence, the multiplication
by ξ gives a monomorphism
sNH∗
(
ΩẐ〈N〉;Q) ·ξ→ kerT∗ ⊂H∗(ΩẐ;Q)⊗ H˜∗(ΣY ;Q).
This gives the following coefficientwise inequalities between Hilbert series:
zNΩẐ〈N〉(z) (kerT∗)[z] ΩẐ(z) · sW∗[z]. (1)
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We have alsoΩẐ(z)=ΩẐ〈N〉(z) ·ΩẐN (z), and the radius of convergence ofΩẐN (z) is not
less than 1 because dimpi∗(ΩẐN)⊗Q<∞.
Recall that if Ω(z) =∑∞n=0 bnzn is a non-zero formal series with real non-negative
coefficients, then its radius of convergenceω is a positive singularity (by Vivanti’s theorem
[9]; see Section 4 before the proof of Proposition 12). As a consequence, if Ω1(z) and
Ω2(z) are non-zero formal series with non-negative coefficients and of radii of convergence
ω1 and ω2, then the radius of convergence of Ω1(z) ·Ω2(z) is min(ω1,ω2). From this and
from the inequalities (1), we have that the radius of convergence of (kerT∗)[z] is ωẐ . Thus
ρF ′ = ωẐ . 2
Lemma 9.
(i) F ′ has the rational homotopy type of a wedge of spheres,
(ii) limz→ρF ′ ,z<ρF ′ PF ′(z)=+∞,
(iii) ωF ′ < ρF ′ .
Proof. Take the same notations as in the proof of Lemma 8.
(i) Since f¯ induces an injection in homology and T∗ is a surjection, Theorem 1 of [12]
insures that F ′ is rationally a wedge of spheres.
(ii) Remark that ΩẐ is the Hilbert series of the algebra H∗(ΩẐ;Q)= T (V )/I which
is finitely generated. The main result of [2] implies that limz→ωẐ ΩẐ(z)=∞. This
combined with inequalities (1) gives the point (ii).
(iii) Recall thatΩF ′(z)= z (1+ z− PF ′(z))−1 by Bott–Samuelson formula [17]. Since
PF ′(z) tends to ∞ as z tends to ρF ′ , there exists r ∈]0, ρF ′ [ such that 1 + r −
PF ′(r)6 0. Thus ωF ′ 6 r < ρF ′ . 2
We have a trivial fibrationΩF ′ →ΩZ→ΩẐ and thusΩF ′(z) ·ΩẐ(z)=ΩZ(z). Since
ωẐ > ωF ′ it is clear that ωF ′ = ωZ . Combining all these inequalities we get ψZ > ωZ , and
on the other hand 0 < ωZ < 1 because Z is hyperbolic. By Proposition 4, the condition
(AH) holds for Z. This ends the proof of Theorem B.
An example of Anick. The fact that each hyperbolic 2-coneZ satisfies the (AH) condition
implies that the smallest singularities of the Poincaré series ΩZ(z) are poles. This is not
true for all the singularities of ΩZ(z) as shown by Anick with the following example. In
[3] Anick considers the two-cone
Z = (S2 ∨ S2)∪[f,[f,[f,g]]] e6 ∪[g,[g,[g,f ]]] e6,
where f,g ∈ pi2(S2 ∨ S2) are the inclusions of the first and the second sphere into the
wedge. The space Ẑ associated to Z as in the proof of Theorem B is the coformal space
such that pi∗(ΩẐ)⊗Q=L(x, y)/I where x, y are of degree 1 and I is the ideal generated
by [x, [x, [x, y]]] and [y, [y, [y, x]]]. Anick proved that
ΩẐ(z)=
∞∏
k=1
(1+ z4k+1)2(1+ z4k+3)2
(1− z4k+2)3(1− z4k+4) .
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This series is non-rational since 1 is a non-meromorphic singularity. It is clear that
ωẐ =ψẐ = 1. Lemaire’s formula (formula (¶) in the proof of Lemma 7) gives
ΩZ(z)= ΨZ(z)−1 =
{
(1+ z)ΨẐ − z(1− 2z+ z4)
}−1
and thus 1 is a non-meromorphic singularity of ΩZ(z). Since Z is hyperbolic ωZ < 1, but
ψZ =ψẐ = 1. Thus ΩZ(z) is meromorphic on any disk {|z|< r} of radius r < 1.
It is also possible to construct a two-cone Z such that ΩZ(z) has a non-meromorphic
singularity of modulus lesser than 1. Remark also that the behavior of the Hilbert series
of H∗(ΩZ;Q) for a 2-cone Z contrasts with Hilbert series of finitely presented Hopf
algebras. Indeed for the latter, the smallest singularity can be non-meromorphic (see the
note at the end of [2] and also the results of [3]).
4. Strong inert elements
Anick [4], and Halperin and Lemaire [16] have defined the notion of an inert element.
Here is a variation of this notion:
Definition 10. LetX be a simply-connected CW-complex of finite type. A homotopy class
[f ] ∈ pin(X) is said to be strong inert iff
(i) [f ] is inert (that is: the inclusion j :X→ Y := X ∪f en+1 induces a surjection
between rational homotopy groups), and
(ii) ωX < ωY .
If such a map f exists we say that X admits a strong inert element.
Remark. This is a strong condition on X. For example, if X admits an inert element then
there exists a rational fibration [16] F k→X j→ Y where F has the rational homotopy type
of a wedge of spheres and k induces an injection between rational homotopy groups. Thus
pi∗(ΩX)⊗Q contains a free Lie ideal.
The motivation of this definition comes from the following
Proposition 11. Let X be a simply-connected CW-complex of finite LS-category and
suppose that X has not the rational homotopy type of a sphere. If X admits a strong inert
element then the condition (AH) holds for X.
Proof. Let f ∈ pin(X) be a strong inert element and put Y = X ∪f en+1. As X is of
finite LS-category, Y has not the same rational homotopy type as a non-trivial product of
Eilenberg–MacLane spaces
∏
i K(Z,2ni) and, by Remark 5, ψY > ωY . We will prove that
ψX = ψY , and as a consequence we have ωX < ωY 6 ψY = ψX . On the other hand X
is hyperbolic (because the only elliptic spaces which admit a strong inert element are the
spheres), thus 0<ωX < 1. Therefore the condition (AH) holds for X by Proposition 4.
We prove that ψX =ψY . Since f is inert, the results of [16] give
Torp,∗
H∗(ΩX;Q)(Q,Q)
∼= Torp,∗H∗ΩY (Q,Q)
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for p < 1 and p > 2; we have also an exact sequence [19]
0→ Tor2,∗H∗(ΩX;Q)→ Tor2,∗H∗(ΩY ;Q)→Q.un−1→ Tor1,∗H∗(ΩX;Q)→ Tor1,∗H∗(ΩY ;Q)→ 0
(where Torp,∗H := Torp,∗H (Q,Q)). Therefore it is easy to compute that
ΨY (z)= ΨX(z)+ zn−1 (2)
and thus ψX =ψY . 2
We will give a sufficient condition for an inert attachment to be strong inert. First we
introduce the following notation: if Y is a simply-connected space, we write
ΩY(ωY )=+∞
if limz→ωY ,z<ωY Ω(z) = +∞. Remark that by Vivanti’s theorem [9], since ΩY(z) is a
series with non-negative coefficients, ωY is always a singularity of ΩY(z). But we can
have ΩY(ωY ) 6= +∞, as shown by the following example given to me by S. Halperin.
Take the series
P(z)=
∞∑
n=0
bn · zn = 1+
∞∑
k=1
2(2
k−2k) · z2k
whose radius of convergence is ρ = 1/2 and limz→ρ− P(z)= 4/3. Consider the wedge of
spheres Y =∨∞n=2∨bnj=1 Sn. Then ΩY (z) = z(1+ z − P(z))−1 and a computation gives
ωY = 1/2 and limz→ωY ,z<ωY Ω(z)= 3<+∞.
Proposition 12. Let f ∈ pin(X) be an inert element and put Y =X∪f en+1. If ΩY (ωY )=
+∞ then f is strong inert and the hypothesis (AH) holds for X.
Proof. From Eq. (2) we get, using Proposition 3, thatΩX(z)=ΩY (z)(1− zn−1ΩY (z))−1.
If limz→ωY , z<ωY ΩY (z)=+∞ then there exists r ∈]0,ωY [ such that 1− rn−1ΩY (r)6 0,
and as a consequence ωX 6 r < ωY . Thus f is strong inert. Moreover X is not a sphere
because otherwise Y would be a point and ΩY (ωY ) = 1. Therefore the (AH) condition
holds for X by Proposition 11. 2
Proposition 13. Let Y be a simply-connected space such that Y has not the rational
homotopy type of a point. If one of the following conditions is fulfilled thenΩY (ωY )=+∞:
(1) ΩY is a rational series;
(2) Y is elliptic;
(3) Y is a finite coformal CW-complex;
(4) the condition (AH) holds for Y ;
(5) Y is a finite 2-cone;
(6) the algebra H∗(ΩY ;Q) is finitely generated.
Proof.
(1) All singularities of a rational series are infinite.
(2) If Y is elliptic then ΩY (z) is a rational series.
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(3) If Y is a coformal finite CW-complex then ΩY (z) is a rational series (see the proof
of Corollary 6).
(4) If (AH) condition holds, then ωY is a pole of ΩY(z).
(5) If Y is a finite two-cone then either Y is elliptic, or Y satisfies the (AH) condition.
(6) This is the main result of [2]. 2
Example 1. Let M1,M2 be two simply-connected closed manifolds of dimension n and
suppose that ωMi is an infinite singularity of ΩMi for i = 1,2. It is easy to check,
using Hilton–Steer’s formula [17], that ΩM1∨M2(ωM1∨M2) = +∞. If H ∗(Mi;Q) is not
a monogenic algebra for i = 1,2 then the inclusion Sn−1 ↪→ M1#M2 of a sphere in
the “collar” of the connected sum is an inert attachment [16, Corollary 5.10], and
(M1#M2)∪f en =M1 ∨M2. Thus f is a strong inert attachment. Therefore the condition
(AH) holds for the connected sum M1#M2.
Example 2. Let M be a simply-connected closed manifold of dimension n and suppose
that ωM is an infinite singularity of ΩM . If H ∗(M;Q) is not a monogenic algebra, then
by [16, Theorem 5.8], the attachment of the last cell is inert. By an analogous argument to
that of Example 1 we get that X =M \ {∗} satisfies (AH).
We end this paper with a few questions.
(1) Does it exist an hyperbolic finite CW-complex such that the condition (AH) does
not hold?
(2) Is it true that if X is a finite CW-complex X such that X has not the rational
homotopy type of a point thenΩX(ωX)=+∞? This condition is much weaker than
(AH). I conjecture that the answer is yes. Notice that if we suppose only thatX is of
finite LS-category, this is not true: Halperin’s example above is of LS-category 1.
(3) If f ∈ pin(X) is an attachment such that ωX < ωY (with Y = X ∪f en+1), is it
possible that f is not inert?
(4) Does it exist a finite CW-complex X with an inert element not strong inert (apart
from the trivial example of spheres)?
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